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What is ecological structural instability?

Definition: Ecological structural instability is a sensitivity of ecological
communities to press perturbations that is so large that this easily
leads to extinctions.

Bastolla et al. 2009, Nature
Rossberg 2013, Food Webs and Biodiversity

O’Sullivan, Knell, and Rossberg 2019, Ecol. Lett.

Formal operationalisation: An LV competition model of the form

dBj

dt
=

(
rj −

S∑
k

GjkBk

)
Bj

is ecologically structurally unstable when the interaction matrix G has
eigenvalues close to zero.

Rossberg 2013, Food Webs and Biodiversity
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How close?
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Structural instability through ill-conditioned competition

Prediction of equilibria:

dBj

dt
= 0 =

(
rj −

S∑
k

GjkBk

)
Bj =⇒ Bk =

S∑
j

G−1
kj rj .

G↔ G−1 ⇐⇒ λ↔ λ−1

-2 -1 0 1 2 3 4

Re λ

-2

-1

0

1

2

Im
 λ

-40 -30 -20 -10 0 10 20
-20

-10

0

10

20
Gjk Gjk

-1

Ecological structural instability is what engineers call “ill conditioned”.
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A simple model

The Lotka-Volterra competition model:

dBj

dt
=

(
1−

S∑
k

GjkBk

)
Bj

Gjk : Competition (overlap) matrix
S: Species richness

Here

Add species one-by-one, remove those going extinct.
Gjj = 1

Gjk =

{
0.2 with probability 0.2,
0 otherwise

(j 6= k ).

Gamarra et al. 2005, Biological Invasions
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Community saturation
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The spectrum of G

Spectra of Gij during assembly.
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Community matrix of simple assembly model
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Spectrum of −J = B ◦G

, in relation to entries of B

.
See also Stone 2018, Sci. Rep.
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Differences between random-matrix stability- and
competition theory

Stability theory Competition theory
May 1972 Rossberg 2013

Problem: linear stability structural stability
Relevant matrix: Jacobian competitive overlaps

(community matrix)
Criterion on eigenvalues: positive real parts values near zero
1s on diagonal by: assumption (dodgy) construction
Interactions: mostly feeding competition
Food-web sparseness: troublesome essential fact
Verifiable prediction: bounded link density structural instability

bounded richness ratio
Prediction holds: not in simulations yes
Related bifurcation: bif-what? transcritical

Rossberg 2013, Food Webs and Biodiversity
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Amplification of indirect interactions

Equilibrium of populations Bi :

population growth rate = 0 = 1−
∑

k

GjkBk (1 ≤ j ≤ S)

From 1st row (j = 1) get mean-field population variance var B1:

(1− EG1,other)
2 var B1 ≈ S var G1,other

[
(EBother)

2 + var Bother

]
.

(1− EG12)2 var B1 ≈ S var G12

[
(EB1)2 + var B1

]
.

Solve for var B1:

var B1 = . . . ,

CV2
B =

S var G12

(1− EG12)2 − S var G12
.

Rossberg 2013, Food Webs and Biodiversity
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(see also Jansen and Kokkoris 2003, Ecol. Lett.)

→ Feedback amplification of var Bi through var Gij → singularity!
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Partially symmetric variants

Spectra of Gij after satiation.
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Shape of clouds depends on
symmetry of Gij
[γ = corr(Gjk ,Gkj )].

Few EV < 0, some EV near 0
(especially for large γ).

By random matrix theory,

(length of cloud) =

2S1/2(1 + γ) std G12

Sommers et al. 1988, Phys. Rev. Lett.

Structural instability when

S =
(1− EG12)2

(1 + γ)2 var G12
.

Rossberg 2013, Food Webs and Biodiversity
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UFP↔ MA transition is due to structural instability!
Effective self-regulation:

u :=
1− EG12

S1/2
pool std G12

With

v =
S

Spool

1
u − γv

= φ
1

u − γv
,

that is

v =
1

2γ

(
u −

√
u2 − 4γφ

)
,

the condition for UFP↔ MA is

(u − γv)2 − φ = 0. (1)

Bunin 2017, Phys. Rev. E

μ= S mean(G
ij
)

-1 0 1 2 3 4 5

σ
=
S
1
/
2 s
td
(G
ij
)

0

1

2

3

cooperation competition

Unbounded Growth

Multiple Attractors (MA)

Unique Fixed-Point (UFP)

p
o
o
l

pool

Eq. (1) is equivalant to

φ =
u2

(1 + γ)2 ⇔ S =
(1− EG12)2

(1 + γ)2 var G12

Rossberg 2013, Food Webs and Biodiversity

for any u > 0 and −1 < γ < 1.
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Dynamics in the MA phase

Let’s simulate MA phase, regularising model.

dBj

dt
=

1−
Spool∑

k

GjkBk

Bj + ε

Set

Spool = 400

Gjj = 1

Gjk =

{
0.5 with probability 0.5,
0 otherwise

(j 6= k ).
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Steady state of MA phase: ε = 10−4
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Steady state of MA phase: ε = 10−10
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Steady state of MA phase: ε = 10−20
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Steady state of MA phase: ε = 10−200
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Steady state of MA phase: ε = 10−2000

0 500 1000 1500 2000

0.
0

0.
2

0.
4

0.
6

Time

A
bu

nd
an

ce

Axel G. Rossberg, Jacob D. O’Sullivan (Queen Mary U London) Structural Instability Paris, 2019 24 / 64

Similar to stepwise-invasion model!
Weaker interactions would lead to diffusion process.
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‘MA’ steady-state in limit of weak interactions
The distribution PB(B) = cP(cB) = cP(x) of abundances Bi is, up to a
constant c = xi/Bi , given by the Fokker-Planck Equation:

0 =

invasion︷ ︸︸ ︷
e−(x−x0)

/2
√

2πΦ(x0)
+

diffusion︷ ︸︸ ︷
d2

dx2 P(x) +

reversion︷ ︸︸ ︷
d
dx

[(x − x0)P(x)]

with absorbing boundary condition P(0) = 0, P ′(0) = 1.

− x0 ≈ 0 is a constant determined e.g. by shooting method.
− Φ(x) is cum. standard normal distribution; Φ(x0) ≈ 0.5 invasion probability.
−With γ 6= 0 competition avoidance complicates the picture further.
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Details: Rossberg 2013, Food Webs and Biodiversity
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Not a truncated normal distribution
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− x0 ≈ 0 is a constant determined e.g. by shooting method.
− Φ(x) is cum. standard normal distribution; Φ(x0) ≈ 0.5 invasion probability.
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Empirical invasion probabilities
Hawaiian non-native birds

Gamarra et al. 2005, Biological Invasions

Europe & N.-America

“Mean establishment success [was]
59.6 ± 11.6% for introductions from
Europe to North America and
52.4 ± 11.9% for the opposite direction
[...]” Jeschke and Strayer 2005, PNAS

Rossberg, Caskenette, and Bersier 2017, Adaptive Food Webs: Stability and Transitions of Real and Model Ecosystems
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Strength of indirect effects

Menge 1995, Ecological Monographs

Rossberg 2013, Food Webs and Biodiversity

Rossberg, Caskenette, and Bersier 2017, Adaptive Food Webs: Stability and Transitions of Real and Model Ecosystems
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No equilibirum in the real world

Sousa 1984, Annual Review of Ecology and Systematics
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The competitive overlap matrix G for food webs

Compute effective competition matrix Ĉ
from interaction matrices A (eating), A′

(being eaten) and direct competition
matrix C:

Ĉ = εATĈ−1A′ + C.

Compute competitive overlap matrix G:

Gij =
Ĉij√
ĈiiĈjj

.

Rossberg 2013, Food Webs and Biodiversity

Pajek
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-1

0

G
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Multi-level food webs

Axel G. Rossberg, Jacob D. O’Sullivan (Queen Mary U London) Structural Instability Paris, 2019 32 / 64



Eigenvalues of competition matrices

Eigenvalues of resource overlap (competition) matrices in
layered, random, sparse food webs:
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Richness by trophic level (data)

Marine ecosystems:
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Richness by trophic level (data)

Freshwater ecosystems (I):
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“‘Prey’ species are detrivores, herbivores and fungivores;
‘predators’ eat ‘prey’ species [...]”

UK and US freshwater habitats, Jeffries and Lawton 1985, Freshw. Biol.
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Richness by trophic level (data)

Freshwater ecosystems (II):
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Richness ratios across scales

UK freshwater communities

‘prey’ are [...] non-carnivorous consumers.
[...] ‘predators’ [...] are carnivores [...]

Note:

1
3

+
1
32 +

1
33 + . . . =

1
2

Warren and Gaston 1992, Philos. Trans. R. Soc. Lond. B Biol. Sci.
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Species-size distribution — Barents Sea
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With PPMR = 30 - 1000, slope = 0.3 - 0.16, typically 0.2.
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Simulated species size distributions (PDMM)
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Two-level food webs
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Gall-forming insects
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Two-level food webs

producers

consumers

Predicted consumer:producer richness ratio = 1:2
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Two-level food webs (I)
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After Wright and Samways 1998, Oecologia

Cape Floristic Region
MA-regression: SC = 0.62 SP − 5.2
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Two-level food webs (II)

Santos de Araújo 2011, Trop. Conserv. Sci.

Brazilian Cerrado
Regression: SC = 0.62 SP − 3.4
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The LV Metacommunity model (LVMCM)

We study a metacommunity of coupled LV models

dbix

dt
= bix

(
rix −

S∑
j=1

Aij bjx

)
− e bix

+
∑

y∈N (x)

e
ky

exp
(
−dxy`

−1
)

biy ,

or in matrix form

dB
dt

= B ◦ (R− AB) + BD.

O’Sullivan, Knell, and Rossberg 2019, Ecol. Lett.
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Community assembly
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Regional Structural Instability
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Local Structural Instability
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Macroecological patterns I: abundances & ranges
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Biodiversity patterns II: species-area relations
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Hurray!
Structural instability is real!

Long live theoretical ecology — let’s apply it to the real world!
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Sensitivity to pressures and parameters

dBj

dt
=

(
1−

S∑
k

GjkBk

)
Bj − FjBj

→ response by species i to applying pressures Fj given by

∆Bi = −
∑

j

G−1
ij Fj
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Model are difficult to parameterize

North Sea SMS, ICES (WGSAM), 2009
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PDMM aquatic food webs

Fung et al. 2015, Nat Commun
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Strategies to overcome structural instability

Example: Management for Maximum Sustainable Yield
Harvest Control Rule Regulari- % of theoretical

sation maximum sustainable total yield
none 33.9

Pressure (‘F ’) Target Control standard 55.9
none 57.0

State (‘B’) Target Control standard 84.8
Singe Species Control 51.7

Policy changes recommended to European Commission:

Regularise matrix inversions

State targets,

yield = B̂T
MSY

(
r−GB̂MSY

)
,

not pressures targets

yield = F̂T
MSYG−1

(
r− F̂MSY

)
.

Farcas and Rossberg 2016, ICES J. Mar. Sci.
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Conclusions

Structural instability controls the structure of large model
communities.

There is overwhelming indirect evidence that most natural
ecological communities (at all scales) are structurally unstable.

Let’s develop the real-world applications of these insights.
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Biomass by body mass (data)

Tuesday Lake

overall slope: 0.17 overall slope: 0.26
(with largemouth bass)
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Optimisation of dietary diversity
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